Abstract-Permanent-magnets (PMs) with tangential and parallel magnetization directions are combined in the Halbach PM (HPM) machine, which can offer high performances. However, the existing lumped parameter magnetic circuit (LPMC) model can only calculate one PM magnetization direction, namely either tangential direction or parallel direction. The key of this paper is to propose a method to divide and establish equivalent magnetic motive force (MMF) for HPM machine with both tangential and parallel magnetizations. Then, a LPMC model, using equivalent MMF, is developed to predict the electromagnetic performances for a four-phase HPM machine. In order to verify the effectiveness of the proposed LPMC model, a 6-pole/8-slot 15 kW HPM prototype is built. The comparative results of the proposed LPMC model, two-dimensional (2D) FEM and the experiments verify the effectiveness of the proposed LPMC model.
INTRODUCTION
Halbach permanent-magnet (HPM) can inherently offer sinusoidal air gap field, negligible cogging torque, sinusoidal air-gap field distribution, back-electromotive force (back-EMF) and needless of rotor back-iron, due to self-shielding magnetization [1] . Hence, these HPM machines have been extensively applied in many electric drive fields.
The lumped parameter magnetic circuit (LPMC) models have been used to predict the electromagnetic performances in many PM machines, except HPM machine, at the design stage because of its many merits . A LPMC model of a switched reluctance machine was presented in [2] [3] [4] [5] [6] [7] . This LPMC model construction is simple because there is no PM in switched reluctance machine. In [8] [9] [10] [11] [12] [13] [14] [15] , the LPMC models for doubly salient PM, axial-flux PM, spoke-type PM and flux-switching PM machines were built. The magnetization directions of their PMs are tangential. Approximatively, these PMs can be considered as rectangle sources. Also, the surface-mounted PM (SPM) and the interior PM machines were analyzed by using LPMC method in [16] [17] [18] [19] [20] [21] [22] . The magnetization direction of their PMs is radial or parallel. In summary, the above-mentioned LPMC models have only one PM magnetization (tangential or parallel). Since their PMs are separated, the magnetic motive force (MMF) of PMs can be considered as a constant. However, for the HPM machine, both tangential and parallel magnetizations are adopted, and the MMF of PMs changes with the rotor position. Hence, the existing LPMC models are not suitable for HPM machine.
The novelty of this paper is to develop a LPMC model for HPM machine. Firstly, the model of PMs is divided and investigated to obtain the equivalent MMF of the HPM machine. Then, the branches of the LMPC are divided and established for the HPM machine based on a generalized approach [18] . In fact, this generalized approach was proposed to build the LPMC model for design of SPM machine, and the PM construction of HPM machine is similar to that of the SPM machine. The PM and air-gap are equivalent to the branches. Based on the developed branches, a nonlinear adaptive LPMC model for HPM machine is built to predict the electromagnetic performances, such as flux linkage, back-EMF, and torque. In Section 2, the parameters of HPM machine will be presented. Then, the methods to divide PMs, establish the PMs model, obtain equivalent sinusoidal MMF of every branch and nonlinear adaptive LPMC model of HPM machine will be presented in Section 3. The HPM machine will be analyzed by using finite element method (FEM) and the proposed LPMC model, and the results will be compared and verified by the experiment in Section 4. Finally, some conclusions will be drawn in Section 5. Figure 1(a) shows the cross-section of the HPM machine. It can be seen that there are four armature teeth (AT) and four fault-tolerant teeth (FTT) in the stator. The single-layer concentrated winding is introduced into this machine to reduce copper loss. The single-layer concentrated winding has shorter end length than distributed field winding, hence saving copper winding. So, its copper loss decreases in the same current situation. Stainless steel sleeve is adopted to strengthen mechanical robustness of HPM. The 6-pole/8-slot 15 kW HPM machine is built as shown in Figure 1(b) . Figure 2 shows the detailed parameters of the rotor and stator. The design dimensions and materials are listed in Table 1 .
TEST MACHINE

LUMPED PARAMETER MAGNETIC CIRCUIT MODEL
In fact, the LPMC has been a common technique for the analysis and design of electric machines by linking the material characteristics to the machine behavior. The magnetic field characteristics can be technically obtained using electric circuit principles, e.g., Kirchhoff's voltage law and Kirchhoff's current law. The basic principle of LPMC model can be expressed as where Φ, F and G are flux, MMF, and permeance of an element in the magnetic circuit, respectively. The permeance of a rectangular element can be given as
where μ r and μ 0 are the relative permeability and the permeability of air, respectively, and L and S are the effective length and cross-sectional area of the element, respectively. The permeance of the PM, the air-gap, the stator and the yoke of stator can be given as
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Ssy hsy (5) where h pm , w pm and l pm are the magnet thickness, width and height, respectively. The μ pm is the relative permeability of the PM. h g , h sb , h st and h sy are effective height of the air-gap, stator boot, stator teeth and stator yoke, respectively. S g , S sb , S st and S sy are effective cross-sectional area of the air-gap, stator boot, stator teeth and stator yoke, respectively. G (0...7)sb and G (0...7)st are the permeance of teeth-boot and teeth, respectively. α 0 and θ s are the arc of boot at teeth and slot pitch, their values are 40 • and 45 • , respectively. l s is stack length.
Since the variation of each phase magnetic circuit is identical, only one phase of the machine needs to be modeled. Here, phase-A is chosen as example, and its MMF can be obtained as F a = Ni a (6) where N is the coil turns per stator slot, and i a is the injected current of phase A.
PMs Model
The field distribution of HPM machine by FEM is shown in Figure 3 . The arrows in each block indicate the magnetization directions of PMs. It can be observed that the right half of PM0, the left half of PM2 and PM1 form one magnetic flux loop. Then, the PM0 can be divided into left and right parts. Since the magnetization direction of PM0 is parallel, each part of PM0 can be also divided into two segments, marked as segment A and segment B (shown in Figure 4 ). As shown in Figure 4 (a), the direction and value of the MMF are invariable in segment A because of the unchanged width of the PM. The direction of the MMF is invariable in segment B, but the value of the MMF is decreasing with the position because of the changed width of the PM. The value of MMF of segment B is zero at E and F points, while the value of the MMF of PM1 increases outward along the tangential direction, and the direction of PM1 is constant, as shown in Figure 4 (b).
Magnetization (M ) of PMs was resolved into radial and tangential components using the analytical model in [23] [24] [25] . Especially, a general analytical model of magnetization (M ) was proposed to predict electromagnetic performance of PM brushless machines having segmented halbach array in [26] . Hence, in the LPMC model, the MMF of PMs should be resolved into the radial and tangential components. The MMFs of PM0 and PM1 are shown in Figure 5 . Due to magnetic line of force is disjoint, point P is the critical separation point for adjacent magnetic circuit. There is only tangential component for M and N points, as shown in Figure 5 (b). The direction of the radial component between M and N points is outward, which can be termed as one positive pole, and else are negative poles. The MMF, the radial and tangential components in segment A, segment B and PM1 can be obtained as
where Figure 6 shows the open-circuit magnetic field distribution of test machine at 0 • and 90 • positions. The corresponding simplified actual magnetic circuits are shown in Figure 7 . It can be known that each stator tooth is connected with segments A, B and one of assistant PM (i.e., PM1). Thus, the MMF of all PMs linked with one tooth can be equivalent to one effective MMF. G y , G fm , G t and G Fm are the permeance of the yoke, PM1, the tooth and half of PM0, respectively. In this section, the branches of the LPMC are divided from stator teeth, and the PM and the air-gap are equivalent to every stator branch. Then, the value of the MMF varies at different positions. PM0 and PM1 are separated into 40 and 30 parts. As a result, one mechanical angle indicates one position. In this way, when the machine operates one electrical degree, the waveform of the equivalent MMF of PM (F m curve) can be gained by (7) , and shown in Figure 8 . In order to verify its sinusoidal shape, an ideal sinusoidal fitting F m curve is imported and compared with the predicted F m curve. It can be concluded that there is only small discrepancy between the actual F m and fitting F m curve, and that this discrepancy is reasonable and expected because of partition and simplification of PMs. So, the equivalent MMF of PM can be given as
LPMC Model
where F m (θ) is the value of the MMF under different electrical degree θ. p is number of pole-pairs. F m is the maximum value of MMF. Although the equivalent MMF of the stator teeth is changed by the relative position when the HPM machine is under operation, the relative positions of the PM and stator can be classified as two types. Figure 9 shows the relative position of the PM and the stator. First, a slot pitch is within one positive or negative pole, the flux produced by the PM flow throw the stator windings entirely, as shown in Figure 9 (a). The equivalent MMF in a slot pitch can be obtained as
where θ s0 and θ s1 are angles of both ends of nth tooth, respectively. F m (θ) is the value of the MMF under different electrical degree θ. Second, portion of two adjacent opposite pole are within a slot pitch, the contribution of flux from the magnet is mitigated due to the gap between the two adjacent opposite pole, as shown in Figure 9 (b). The equivalent MMF in a slot pitch can be obtained as
where nθ 0 is the center angle of nth tooth. The equivalent LPMC model of HPM machine is shown in Figure 10 . It can be concluded that it is constituted by 8 branches according to stator teeth. In this model, the PM (0...7) are the models of equivalent PM under a slot pitch. G g(0... 7) are the models of the air gap. AT (0...4) and FT (0... 4) are the models of AT and FTT, respectively. Also, it can be known that there are four layers in the LPMC model, and they stand for the layers of PM, the air, the stator and the yoke of stator along the radial direction from inside to outside, respectively. The adjacent layer connects with each other by permeance.
Final Solution
It can be known from Figure 10 that the node number of the equivalent LPMC model is 33. Meanwhile, the total node number keeps invariable with the position. For a magnetic circuit with N nodes, if some one node is chosen to be as reference node, the other (N − 1) nodes can be treated as independent. The MMF of reference node is zero, MMF difference between independent node and reference node are called node MMF, and thus, 32 independent nodes correspond to 32 nodes MMF. Meanwhile, 32 2 permeances exist in the LPMC model corresponding to 32 independent nodes, forming a permeance matrix Step check
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viz. as
where G ((0 . . . 31), (0 . . . 31)) is the permeance of node number, F n (0 . . . 31) the MMF of the node number, and Φ n (0 . . . 31) the flux of the node number. G, F n and Φ are the matrix of permeance, MMF and the flux, respectively. The iterative process of the LPMC model is shown in Figure 11 . Firstly, the permeances of the stator and air-gap are calculated by using (4) and (5) based on the initial permeability. Secondly, the equivalent MMF (F m ) and permeance of PM (G m ) of every branch are obtained by rotation angle θ and PMs. Meanwhile, the MMF of each phase can be obtained by the current and winding configuration by using (6) when the HPM machine is under load. After all permeances in the LPMC model are prepared, the node potential equation can be built as (11) .
Since nonlinear material WGT-200 is adopted in the stator core, a consecutive B-H table of the nonlinear material is listed to consider saturation effect. The Gauss-Seidel iterative method is adopted to improve the iterative speed. A new flux Φ of the stator (i.e., AT 0 ) can be derived by using (13) and (14) after the initial permeability of the stator is applied to solve (11). A new magnetic intensity H can be written as (15) . The corresponding relative permeability μ
can be obtained as (16) .
where ε is the set error precision. Finally, the μ ) are satisfied by (17) , the iterative process is over. Otherwise, it will start next circulation before the iterations k is over the set calculation step, which is applied to prevent the process dropping into the endless loop.
SIMULATION AND EXPERIMENT VERIFICATIONS
To verify the accuracy of the proposed LPMC model for HPM machine, the time-stepping FEM and the experiment are employed to analyze the electromagnetic performances, such as flux density of the AT, the phase back-EMF, and the output torque.
The flux density of the armature tooth can be calculated by using proposed LPMC model, as shown in Figure 12 (a). The FEM-based one is shown in Figure 12 (b). It can be concluded that there is a good agreement between the FEM and the LPMC results.
Based on the solution of (13) and (14) , and the back-EMF can be given as
where S t is the effective cross-sectional area of the AT and Ψ a the flux of the phase A. Figure 13 compares the LPMC-based and FEM-based back-EMFs of the HPM machine at the rated speed of 14000 rpm with the measured one. It can be concluded that there is a good agreement in the shape and amplitude. Furthermore, the harmonic analyses of the back-EMF by using the LPMC model, the FEM and the experiment are shown in Figure 14 , in which their THD are 0.52%, 4.6% and 1.6%, respectively. It can be known that the major harmonic order is 3th in the FEM result and 9th in the measured result. Although there is major discrepancy in third harmonic of the THD among the LPMC model, the FEM and the measured, it is acceptable by considering the saved-time because there Figure 15 shows the predicted output torque when the sinusoidal phase current with 40 RMS is injected. Although the ripples of these results are different, the average torque of these results is almost same. The average value of the torque by FEM is 10.35 Nm, and the LPMC one is 10.37 Nm. It can be concluded that the proposed LPMC model is effective.
CONCLUSIONS
In this paper, a new method is proposed to divide and establish equivalent MMF for HPM machine, and the LPMC model of HPM machine is built based on equivalent MMF. The electromagnetic performances, e.g., the flux linkage, back-EMF, and torque performance, are obtained by the proposed LPMC model. From the comparison of the results among the LPMC model, the FEM and the experiment, the effectiveness of proposed LPMC model is verified.
